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We study a quantum information metric (or fidelity susceptibility) in conformal field theories
with respect to a small perturbation by a primary operator. We argue that its gravity dual is
approximately given by a volume of maximal time slice in an AdS spacetime when the perturbation
is exactly marginal. We confirm our claim in several examples.
Introduction
The microscopic understanding of black hole entropy
in string theory by Strominger and Vafa [1] implies that
quantum information plays a crucial role to understand
gravitational aspects of string theory. Indeed, quantum
information theoretic considerations have provided vari-
ous useful viewpoints in studies of AdS/CFT [2] or more
generally holography [3]. Especially, the idea of quantum
entanglement has turned out to be crucially involved in
geometries of holographic spacetimes, as typical in the
non-trivial topology of eternal black holes [4]. To quan-
tify quantum entanglement we can study the holographic
entanglement entropy [5], which is given by the area of
codimension two extremal surfaces. In the AdS/CFT,
this area is equal to the entanglement entropy in confor-
mal field theories (CFTs).
It is natural to wonder if there might be some other
information theoretic quantities which are useful to de-
velop studies of holography. As pointed out by Susskind
in [6] (see also [7]), it is also intriguing to find a quantity
in CFTs which is dual to a volume of a codimension one
time slice in AdS. The time slice can connect two bound-
aries dual to the thermofield doubled CFTs, through the
Einstein-Rosen bridge (see Fig.1). In [6], it is conjectured
that this quantity is related to a measure of complexity.
The main purpose of this letter is to point out a quan-
tum information theoretic quantity which is related to
the volume of a time slice. This quantity is called quan-
tum information metric or Bures metric (see e.g.[8]),
which we will simply call the information metric. Here we
mainly consider the information metric for pure states,
though it can be defined for mixed states. Consider one
parameter family of quantum states |Ψ(λ)〉 and perturb
λ infinitesimally λ→ λ+δλ. Then Gλλ is simply defined
from the inner product between them as follows:
|〈Ψ(λ)|Ψ(λ + δλ)〉| = 1−Gλλ · (δλ)2 +O((δλ)3). (1)
This metric measures the distance between two infinites-
imally different quantum states. Since the left-hand side
of (1) is called the fidelity, Gλλ is also called the fidelity
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FIG. 1. A time slice in the Penrose diagram of eternal AdS
black hole which connects the two boundaries dual to the
thermofield doubled CFTs.
susceptibility (see e.g. the review [10] for applications to
quantum phase transitions.).
We will argue that Gλλ when a d+1 dimensional CFT
is deformed by an exactly marginal perturbation, param-
eterized by λ, is holographically estimated by
Gλλ = nd · Vol(Σmax)
Rd+1
, (2)
where nd is an O(1) constant and R is the AdS radius.
The d + 1 dimensional space-like surface Σmax is the
time slice with the maximal volume in the AdS which
ends on the time slice at the AdS boundary(ies). See
also [9] for some other holographic interpretations of
information metric.
Information Metric in CFTd+1
Now we introduce the information metric for quantum
states in CFTs on Rd+1, whose Euclidean time and space
coordinates are denoted by τ and x. We consider the
inner product 〈Ω1|Ω2〉 between two states |Ω1〉 and |Ω2〉.
|Ωi〉 (i = 1, 2) are ground states for the two Hamiltonians
Hi (i = 1, 2). We define their Euclidean lagrangians by
Li (i = 1, 2) and their partition functions Zi (i = 1, 2).
2The inner product is described by the path-integral:
〈Ω2|Ω1〉
= (Z1Z2)
−1/2
∫
Dφ exp[−
∫
ddx(
∫ 0
−∞
dτL1 +
∫ ∞
0
dτL2)].
(3)
Assume the difference L2−L1 is infinitesimally small and
is written by using the primary operator O(τ, x) as
L2 − L1 ≡ δL = δλ · O(τ, x). (4)
Next, we rewrite (3) by using the expectation value
< · · · > in the vacuum state |Ω1〉:
〈Ω˜2(ǫ)|Ω1〉 =
〈exp[− ∫∞ǫ dτ ∫ ddxδL]〉
(〈exp[−(∫ −ǫ−∞+ ∫∞ǫ )dτ ∫ ddxδL]〉)1/2 ,
(5)
where δL ≡ L2 − L1. Here we introduced the UV regu-
larization ǫ by replacing the ground state |Ω2〉 with
|Ω˜2(ǫ)〉 ≡ e
−ǫH1 |Ω2〉
(〈Ω2| e−2ǫH1 |Ω2〉)1/2 . (6)
By performing perturbative expansions of (5) up to
quadratic terms, we obtain
1− 〈Ω˜2(ǫ)|Ω1〉
=
1
2
∫ ∞
ǫ
dτ
∫ −ǫ
−∞
dτ ′
∫
ddx
∫
ddx′〈δL(τ, x)δL(τ ′, x′)〉,
where we assumed the time reversal symmetry relation
〈δL(−τ, x)δL(−τ ′, x′)〉 = 〈δL(τ, x)δL(τ ′, x′)〉.
In this way, the information metric with respect to the
λ perturbation (4) is computed as
Gλλ =
1
2
∫ ∞
ǫ
dτ
∫ −ǫ
−∞
dτ ′
∫
ddx
∫
ddx′〈O(τ, x)O(τ ′ , x′)〉.
(7)
Note that up to now, our argument can be applied to any
local operator O in any quantum field theory. However,
for simplicity, we would like to focus on the case where
the spin of the primary field O is zero and its total con-
formal dimension is ∆ in this letter. We can generalize
our analysis to a current or an energy stress tensor as we
present the details in appendix A and B.
The (normalized) two point function of the primary
field takes the universal form
〈O(τ, x)O(τ ′ , x′)〉 = 1
((τ − τ ′)2 + (x− x′)2)∆ . (8)
By plugging (8) into (7), when d+2− 2∆ < 0 we obtain
Gλλ = Nd · Vd · ǫd+2−2∆, (9)
where we define Nd =
2d−2∆πd/2Γ(∆−d/2−1)
(2∆−d−1)Γ(∆) and Vd is
the infinite volume of Rd. In particular, for a marginal
perturbation we have d + 2 − 2∆ = −d. On the other
hand, when d+2− 2∆ ≥ 0, there exists an infrared (IR)
divergence and we need a IR cut off L for both the τ and
x integral. This leads to Gλλ ∝ Vd · Ld+2−2∆ (agreeing
with [10]), where for d + 2 − 2∆ = 0 we regard L0 as
log(L/ǫ).
Holographic Computation
Now we would like to turn to holographic calculations.
For this we focus on the case where the perturbation (4)
is exactly marginal ∆ = d + 1. This greatly simplifies
the computation in the gravity dual. This is because
gravity backgrounds dual to both of |Ωi〉 (i = 1, 2) are
the pure AdSd+2 with the same radius R. Such a gravity
dual which interpolates two AdS spaces is called a Janus
solution [11]. The massless bulk scalar field dual to the
exactly marginal operator O is denoted by φ.
Let us first study the AdS3 Janus solution introduced
in [12]. This setup is defined by the action:
S = − 1
16πGN
∫
dx3
√
g
(
R− gab∂aφ∂bφ+ 2
R2
)
. (10)
The Janus solution is given by the metric
ds2 = R2
(
dy2 + f(y)ds2AdS2
)
,
f(y) =
1
2
(1 +
√
1− 2γ2 cosh(2y)), (11)
and the dilaton
φ(y) = γ
∫ y
−∞
dy
f(y)
+ φ1, (12)
where γ (≤ 1√
2
) is the parameter of Janus deformation.
The metric of AdS2 slice is given by ds
2
AdS2 = (dz
2 +
dx2)/z2. φ1 = φ(−∞) is dual to the coupling constant
of the exactly marginal deformation for the ground state
|Ω1〉. On the other hand, the value φ2 = φ(∞) for the
other ground state |Ω2〉 is obtained by performing the
integral in (12) as φ2 − φ1 =
√
2 arctan
[
1−
√
1−2γ2√
2γ
]
≃ γ
when γ ≪ 1.
By matching the asymptotic behavior of the metric
(11) at the infinity |y| = y∞(→ ∞) with that of unde-
formed metric (γ = 0)
ds2pure = R
2
(
dyˆ2 +
1
2
(1 + cosh(2yˆ))ds2AdS2
)
, (13)
we find the following condition√
1− 2γ2e2y∞ = e2yˆ∞ . (14)
The on-shell action of (10) is evaluated by
S(γ)=
R
4πGN
VAdS2 ·
∫ y∞
−y∞
dy
{
1
2
(1 +
√
1− 2γ2 cosh(2y))
}
=
R
4πGN
VAdS2 ·
{
y∞ +
1
2
√
1− 2γ2 sinh(2y∞)
}
, (15)
3where VAdS2 =
∫
dx
∫∞
ǫ
dz
z2 =
V1
ǫ is the volume of AdS2
with a unit radius.
By using the condition (14) at the infinity
S(γ)− S(0)= R
4πGN
VAdS2 · (y∞ − yˆ∞)
=
RV1
16πGN ǫ
· log
(
1
1− 2γ2
)
> 0. (16)
For small γ2, we finally find
| 〈Ω2|Ω1〉 | = e−S(γ)−S(0) ≃ 1− RV1
8πGN ǫ
γ2. (17)
Therefore the information metric is estimated as follows
Gγγ =
cV1
12πǫ
, (18)
where we employed the holographic expression of the cen-
tral charge c = 3R2GN . Since the normalization of scalar
field (10) leads to the two point function of O which is
proportional to the central charge c (i.e. δλ ∝ √cδφ =√
cγ) , we indeed obtain the advertised formula (2), where
Σ is given by the AdS2 slice ρ = 0 in AdS3.
In order to study higher dimensional examples in a uni-
versal way, we would like to consider a simple holographic
model, which turns out to give an excellent approxima-
tion to various explicit examples. This holographic model
is obtained by identifying the exactly marginal deforma-
tion at the time slice τ = 0 in CFTd+1 with a d + 1
dimensional defect brane Σ with a tension T , which ex-
tends from the time slice on the AdS boundary to the
bulk. This is similar to the holographic constructions in
[13–15]. In the gravity setup this is simply realized by
adding the defect brane action
Sbrane = T
∫
Σ
√
g, (19)
to the Einstein-Hilbert action. This prescription is con-
sistent with the boundary (or defect) conformal symme-
try in a way similar to the AdS/BCFT [15]. Again we can
describe the perturbation (4) by the profile of a massless
scalar field φ. When the deformation δλ is infinitesimally
small, we have
T ≃ nd · (δλ)
2
Rd+1
, (20)
where nd is an O(1) constant which is fixed from the
normalization of two point function (8). The Einstein
equation shows that T is proportional to (δλ)2, as the
bulk stress tensor is quadratic with respect to the scalar
field. The dependence on R can be explained by the di-
mensional reason or by comparing with the Janus com-
putation. In this limit, we can treat the brane as a probe,
ignoring its back-reaction. Finally we impose the equa-
tion of motion with respect to the brane embedding. This
requires that the action (19) is extremized and thus in the
Lorentzian signature, Σ is the maximal area surface Σmax
which ends on the time slice τ = 0 at the AdS boundary.
Together with (20), we reach our claim (2).
For a CFTd+1 on R
d+1, the holographic formula (2)
leads to
Gλλ = ndVd
∫ ∞
ǫ
dz
zd+1
=
ndVd
dǫd
, (21)
which indeed agrees with (9).
Similarly we can analyze the global AdSd+2, which is
described by the metric
ds2 = R2
(
−(r2 + 1)dt2 + dr
2
r2 + 1
+ r2dΩ2d
)
, (22)
to obtain the information metric for a CFTd+1 on R×Sd.
Gλλ = ndVd
∫ r∞
0
rd√
r2 + 1
dr =
ndVd
dǫd
+ · · ·, (23)
where r∞ ∼ 1/ǫ is dual to the UV cut off of the CFT. It
might be curious that there appears a logarithmic diver-
gent term ∝ log r∞ when d is even, i.e. odd dimensional
CFTs. This logarithmic term is analogous to the bound-
ary central charge in BCFT [16]. Also it is clear from
(23) that Gλλ is smaller than the flat space one (21) and
this is due to the mass gap in CFTs on a compact space.
Another interesting example is the d + 2 dimensional
AdS Schwarzschild black hole
ds2 = R2
(
dz2
h(z)z2
− h(z)
z2
dt2 +
∑d
i=1 dx
2
i
z2
)
,
h(z) ≡ 1− (z/z0)d+1, (24)
which is dual to the finite temperature CFT. The param-
eter z0 is related the temperature T via z0 =
d+1
4πT . The
information metric is computed as
Gλλ = ndVd
∫ z0
ǫ
dz√
h(z)zd+1
=
ndVd
d
(
1
ǫd
+
bd
zd0
)
,
bd ≡ −1 + d
∫ 1
0
dy
(
1− yd+1 +
√
1− yd+1
)−1
= (d− 1)
√
π
2
Γ
(
1 + 1d+1
)
Γ
(
1
2 +
1
d+1
) ≥ 0. (25)
For example, we have b1 = 0, b2 ≃ 0.70, b3 ≃ 1.31.
Finally we would like to study a time-dependent exam-
ple in order to confirm our proposed formula (2) can be
applied to such a non-trivial setup. For this purpose, we
consider thermo-field double (TFD) description of finite
temperature state in a two dimensional (2d) CFT:
|ΨTFD(t)〉 ∝ e−i(H
(A)+H(B))t
∑
n
e−
β
4 (H
(A)+H(B))|n〉A|n〉B,
(26)
4where H(A) and H(B) are the identical Hamiltonians for
the first and second CFT of the TFD; the states |n〉A,B
are the unit norm energy eigenstates in the two CFTs.
This TFD setup is dual to the extended geometry of eter-
nal AdS black hole depicted in Fig.1.
We are interested in the inner product
〈Ψ′TFD(t)|ΨTFD(t)〉 and the information metric Gλλ.
Here, the state 〈Ψ′TFD(t)| is the TFD state with a
Hamiltonian H ′(A) + H ′(B) which is obtained by an
infinitesimal exactly marginal λ-perturbation (4) with
respect to each of H(A) and H(B) at the same time t.
We argue this deformation is dual to introduce a defect
brane Σ in the BTZ black hole as in Fig.1.
Let us compute Gλλ in an Euclidean path-integral for-
malism of a 2d CFT. The two point function on S1 ×R,
where S1 is the thermal circle with periodicity β, reads
〈O(x1, τ1)O(x2, τ2)〉=
(
π
β
)2∆
(
sinh2
(
π(x1−x2)
β
)
+sin2
(
π(τ1−τ2)
β
))∆ .
Then, Gλλ at the Euclidean time τ is expressed as
Gλλ
=
1
2
∫ ∞
−∞
dx1dx2
∫ 3β
4 −τ−ǫ
β
4+τ+ǫ
dτ2
∫ β
4+τ−ǫ
− β4−τ+ǫ
dτ1〈O(x1, τ1)O(x2, τ2)〉.
(27)
Using the formula (for 0 ≤ t ≤ π)∫ ∞
−∞
dx
(
sinh2 x+ sin2 t
)−2
=
1
sin2 t · cos2 t + (t− π/2) ·
2 sin2 t− 1
sin3 t cos3 t
, (28)
we can evaluate the information metric (27) when ∆ = 2,
up to finite terms in the ǫ→ 0 limit:
Gλλ =
πV1
8ǫ
− πV1
2β
+
2π2V1
β2
· τ cot
(
4πτ
β
)
. (29)
When τ = 0, we simply find Gλλ =
πV1
8ǫ . This is consis-
tent with our holographic result b1 = 0 in (25).
To study the real time evolution, we have only to set
τ = it and we obtain the result:
Gλλ =
πV1
8ǫ
− πV1
2β
+
2π2V1
β2
·
cosh 4πtβ
sinh 4πtβ
· t. (30)
At late time t≫ β, it grows linearly:
Gλλ ≃ πV1
8ǫ
+
2π2V1
β2
· t. (31)
We now turn to the holographic computation in the
BTZ black hole, where the region (I) in Fig.1 is described
by the metric (we set β = 2π for simplicity)
ds2 = R2(− sinh2 ρdt2 + dρ2 + cosh2 ρdx2). (32)
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FIG. 2. We compare the finite part of our holographic result
Vol(Σ)/(Rd+1V1) (blue) with that of our CFT result 2Gλλ/V1
(red) as a function of the time t for the TFD state. They
deviates only slightly. We set β = 2pi.
We can continue into the region (II) by setting κ = −iρ
and t˜ = t + πi2 . In the region (II), if we specify Σ by
κ = κ(t˜) of Σ, its volume is given by
Vol(Σ) = R2V1
∫
dt˜ cosκ
√
sin2 κ− (∂κ/∂t˜)2. (33)
We define κ∗ (0 ≤ κ∗ < π/4) to be the value of κ where
∂κ/∂t˜ = 0. We can maximize the volume (33) and extend
the solution into the region (I) in a way similar to [17]. In
the end we obtain the following expression of Vol(Σmax)
as a function of t in terms of the parameter κ∗:
Vol(Σ)
Rd+1V1
= 2 sinh ρ∞ + 2
∫ κ∗
0
dκ
cosκ√
sin2(2κ∗)/ sin2(2κ)− 1
−2
∫ ρ∞
0
dρ
cosh ρ
(√
sinh2(2ρ) + sin2(2κ∗)− sinh(2ρ)
)
√
sinh2(2ρ) + sin2(2κ∗)
,
t =
∫ κ∗
0
dκ
sinκ
√
1− sin2(2κ)/ sin2(2κ∗)
−
∫ ρ∞
0
dρ
sinh ρ
√
1 + sinh2(2ρ)/ sin2(2κ∗)
, (34)
where ρ∞ is the UV cut off such that eρ∞ ∝ 1/ǫ. In
the late time limit (i.e. κ∗ → π/4) we find the finite
part Volfinite(Σ)/R
d+1 approaches to V1 · t, which agrees
with 2Gλλ in (31). This linear t growth clearly comes
from the Einstein-Rosen bridge as already noted in [6].
In Fig.2 we plotted the holographic result versus the
CFT result, which shows only a very small deviation.
For example, in the limit t → 0 (or κ∗ → 0) we find
Volfinite(Σ)/(R
d+1V1) ≃ 2π t2, while 2Gλλ/V1 ≃ 23 t2.
In this letter, we introduced an information metric in
CFTs and proposed its holographic formula based on a
simple probe model. We presented a number of evidences
which support our proposal. It might be interesting to
note that if we normalize the two point function such
that it is proportional to a central charge or if we employ
some combination of energy stress tensors (related to
some metric perturbations), we have the estimation
5Gλλ ∼ Vol(Σmax)GNR , which is the same formula argued in
[6] to measure the amount of complexity.
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Appendix A: Information Metric for Gauge
Field Perturbations in CFTs
We consider a CFT perturbed by the conserved cur-
rent,
Stot = SCFT +
∫
ddxdτAµ(x)J
µ(τ, x), (35)
where ∂µJ
µ = 0. In this case the overlap in the leading
order of the perturbation is given by
1− 〈Ω˜2(ǫ)|Ω1〉 = 1
2
∫
ddx
∫
ddyδAµ(x)δAν (y)Jµν(x, y)
(36)
where we have defined
Jµν(x− y) ≡
∫ ∞
ǫ
dτ
∫ −ǫ
−∞
dτ ′〈Jµ(τ, x)Jν (τ ′, y)〉
=
∫ ∞
2ǫ
d(τ − τ ′)((τ − τ ′)− 2ǫ)〈Jµ(τ, x)Jν(τ ′, y)〉.
(37)
We can calculate Jµν by using the explicit expression for
the correlation function of the conserved currents [18],
〈Jµ(τ, x)Jν(τ ′, y)〉 = CV
((τ − τ ′)2 + (x− y)2)d
×
(
δµν − 2 (x− y)µ(x− y)ν
(τ − τ ′)2 + (x− y)2
)
.
(38)
6where CV is a constant determining the overall scale of
this two point function.
For d > 1, we obtain
Jττ(x)/CV
=
(
4ǫ2 + r2
)−d [−4ǫ2(4ǫ2
r2
+ 1
)d
2F1
(
1
2
, d;
3
2
;−4ǫ
2
r2
)
+8ǫ2 2F1
(
1,
1
2
− d; 3
2
;−4ǫ
2
r2
)
+
(d− 2)r2 − 4ǫ2d
2(d− 1)d
]
−
√
πǫ(d− 1) ( 1r2 )d− 12 Γ (d− 12)
Γ(d+ 1)
,
(39)
Jτj(x)/CV = −2xj ·
2−2d−1
(
4ǫ2 + r2
)−d
(2d− 1)r2Γ(d+ 1)2
×
[
πr4
(
1
r2
)d+ 12
Γ(2d+ 1)
(
4ǫ2 + r2
)d
+
4d−2r2
(
4ǫ2 + r2
)
Γ(d− 1)Γ(d+ 1)
ǫ3
×
((
4ǫ2 + r2
)
2F1
(
1,
1
2
− d;−1
2
;−4ǫ
2
r2
)
+8ǫ2(d− 1)− r2)] ,
(40)
and
Jij(x)/CV = δij
×


(
8ǫ2(d− 1) 2F1
(
1, 32 − d; 32 ;− 4ǫ
2
r2
)
+ r2
)
2(d− 1)r2 (4ǫ2 + r2)d−1
−
√
πǫ
(
1
r2
)d− 12 Γ (d− 12)
Γ(d)

− 2xixj
×


(
8ǫ2d 2F1
(
1, 12 − d; 32 ;− 4ǫ
2
r2
)
+ r2
)
2dr2 (4ǫ2 + r2)d
−
√
πǫ
(
1
r2
)d+ 12 Γ (d+ 12)
Γ(d+ 1)

 ,
(41)
where r ≡ ||x||.
For d = 1, we need an IR cutoff for the integrals
in Jµν . In order to reguralize the integrals, we re-
place
∫∞
ǫ
dτ
∫ −ǫ
−∞ dτ
′ =
∫∞
2ǫ
d(τ − τ ′)((τ − τ ′) − 2ǫ) with∫ T
2ǫ
d(τ−τ ′)((τ−τ ′)−2ǫ) , where T is an IR cutoff length.
Thus we obtain
Jττ (x)/CV = −Jxx(x)/CV
=
T (−2ǫ+ T )
x2 + T 2
+
1
2
ln
(
4ǫ2 + x2
x2 + T 2
)
,
(42)
and
Jτx(x)/CV = arctan
(
2ǫ
x
)
− arctan
(
T
x
)
− x(2ǫ − T )
x2 + T 2
.
(43)
It is useful to perform the Fourier transformation:
J˜µν(k) ≡
∫∞
−∞ dxe
−ikxJµν(x), which leads to
J˜ττ (k)/CV = −J˜xx(k)/CV
= π
[
1
|k|
(
e−T |k| − e−2ǫ|k|
)
+
(T − 2ǫ) (ekT θ(−k) + e−kT θ(k))]
T→∞,ǫ→0−−−−−−−→ − π|k|
(44)
and
J˜τx(k)/CV =
− iπ
[
1
k
(
e−T |k| − e−2ǫ|k|
)
+
(2ǫ− T ) (ekT θ(−k)− e−kT θ(k))]
T→∞,ǫ→0−−−−−−−→ iπ
k
.
(45)
After we go back to the original Lorentz signature by the
Wick rotation τ = it, for T →∞ and ǫ→ 0, we obtain
J˜tt(k)/CV = J˜xx(k)/CV =
π
|k| , J˜tx(k)/CV =
π
k
. (46)
Thus the eigenvalues of J˜µν/CV are
(
π
|k| ± πk
)
≥ 0, and
the information metric is non-negative.
Appendix B: Information Metric for Metric
Perturbations in CFTs
In this section, we consider a CFT perturbed by the
energy momentum tensor:
Stot = SCFT +
∫
ddxdt gµν(x)T
µν(τ, x) (47)
In this case the overlap in leading order of the perturba-
tion is given by
〈Ω˜2(ǫ)|Ω1〉 = 1−1
2
∫
ddxddy δgµν(x)δgσρ(y)Qµνσρ(x−y)
(48)
where we defined
Qµνσρ(x−y) =
∫ ∞
ǫ
dt
∫ −ǫ
−∞
dt′〈Tµν(x, t)Tσρ(y, t′)〉. (49)
We can calculate Qµνσρ by using the explicit expression
for the correlation functions of the energy momentum
tensor [18],
〈Tµν(x, t)Tσρ(y, t′)〉
=
CT ETαβ:σρ
((x− y)2 + (t− t′)2)d+1Rµα(x, t : y, t
′)Rνβ(x, t; y, t′).
(50)
7where
ETµν:ηξ =
1
2
(δµηδνξ + δµξδνη)− 1
d+ 1
δµνδξη, (51)
Rµν(x, t : y, t
′) = δµν − 2 (x− y)µ(x− y)ν
(x− y)2 + (t− t′)2 , (52)
and CT is a constant determining the overall scale of this
two point function, which is related to the central charge
of the CFT.
In real space coordinates, we obtain
Qtttt(x)/CT =
(
r2 + 4ǫ2
)−d−1
2(d+ 1)(d+ 2)
×
[
(−2 + d)r2 + 4(−2 + d+ 2d2)ǫ2
−8(−1 + d)(1 + d)2ǫ2
2F1
(
− 12 , 1; 32 + d;− r
2
4ǫ2
)
d+ 12


Qxittt(x)/CT = x
i
(
r2 + 4ǫ2
)−d−2
16ǫ3Γ(d+ 3)
×
[
32ǫ4(dr2 − 4(2 + d)ǫ2)Γ(d+ 1)
+16−d(1 + d)(2 + d)
√
πǫ−2dΓ(1 + 2d)(r2 + 4ǫ2)2+d
×
(
8ǫ2
2F1
(
d+ 12 , 3 + d;
3
2 + d;− r
2
4ǫ2
)
3
2 + d
−(1 + 2d)r2
2F1
(
d+ 32 , 3 + d;
5
2 + d;− r
2
4ǫ2
)
5
2 + d
) ,
Qxitxjt(x)/CT = δij
− (r2 + 4ǫ2)−d−1
4Γ(d+ 2)
×
[
(r2 + 4ǫ2)Γ(d)− (r2 − 4ǫ2)Γ(d+ 1)
+4−dǫ−2d(r2 + 4ǫ2)1+dΓ(2 + d)
×
(
− 2
2F1
(
d+ 12 , 2 + d;
3
2 + d;− r
2
4ǫ2
)
1 + 2d
+r2
2F1
(
d+ 32 , 2 + d;
5
2 + d;− r
2
4ǫ2
)
2(3 + 2d)ǫ2
)
+xixj
1
16Γ(d+ 3)
[
24(r2 + 4(2 + d)ǫ2)Γ(1 + d)
−8r2(r2 + 4ǫ2)−d−2Γ(d+ 2) + 4−dǫ−2d−4Γ(3 + d)
×
(
− 12ǫ2
2F1
(
d+ 32 , 3 + d;
5
2 + d;− r
2
4ǫ2
)
3 + 2d
+r2
2F1
(
d+ 52 , 3 + d;
7
2 + d;− r
2
4ǫ2
)
5 + 2d
) , (53)
Qxixjtt(x)/CT
= − 1
d+ 1
δij
( (
r2 + 4ǫ2
)1−d
16(d− 1)dr2ǫ2(
r2 − (r2 + 4ǫ2) 2F1
(
1,
1
2
− d;−1
2
;−4ǫ
2
r2
))
−
√
πǫr−2d−1Γ
(
d+ 12
)
d!
)
+4xixj
( (
r2 + 4ǫ2
)−d−1
16(d+ 1)(d+ 2)(2d+ 3)ǫ2(
− (r2 + 4ǫ2) 2F1
(
1,−d− 3
2
;−1
2
;−4ǫ
2
r2
)
+8(d+ 2)ǫ2 + r2
)
−
√
πǫr−2d−3Γ
(
d+ 32
)
2Γ(d+ 3)
)
(54)
Qxixjxkt(x)/CT
= −(xiδjk + xjδik) 1
32d(d+ 1)(2d+ 1)ǫ3Γ(d+ 2)(
r−2d−1
(
r2 + 4ǫ2
)−d(
r2d+1Γ(d+ 2)
((
r2 + 4ǫ2
)
2F1
(
1,−d− 1
2
;−1
2
;−4ǫ
2
r2
)
+ 8dǫ2 − r2
)
+16
√
πd(d+ 1)ǫ3Γ
(
d+
3
2
)(
r2 + 4ǫ2
)d))
+4xixjxk
1
32(d+ 1)(d+ 2)(2d+ 3)ǫ3Γ(d+ 3)(
r−2d−3
(
r2 + 4ǫ2
)−d−1(
r2d+3Γ(d+ 3)
((
r2 + 4ǫ2
)
2F1
(
1,−d− 3
2
;−1
2
;−4ǫ
2
r2
)
+ 8(d+ 1)ǫ2 − r2
)
+16
√
π(d+ 1)(d+ 2)ǫ3Γ
(
d+
5
2
)(
r2 + 4ǫ2
)d+1))
(55)
8Qxixjxkxl(x)/CT
= (
1
2
(
δikδjl + δilδjk)− 1
d+ 1
δijδkl
) (r2 + 4ǫ2)1−d
16(d− 1)dr2ǫ2(
r2 − (r2 + 4ǫ2) 2F1
(
1,
1
2
− d;−1
2
;−4ǫ
2
r2
))
−
√
πǫr−2d−1Γ
(
d+ 12
)
d!
−(xixkδjl + xixlδjk + xjxlδik + xixlδjk)
(
r2 + 4ǫ2
)−d
16d(d+ 1)r2ǫ2(
r2 − (r2 + 4ǫ2) 2F1
(
1,−d− 1
2
;−1
2
;−4ǫ
2
r2
))
−
√
πǫx−2(d+1)−1Γ
(
d+ 32
)
(d+ 1)!
+4xixjxkxl
(
r2 + 4ǫ2
)−d−1
16(d+ 1)(d+ 2)x2ǫ2(
r2 − (r2 + 4ǫ2) 2F1
(
1,−d− 3
2
;−1
2
;−4ǫ
2
r2
))
−
√
πǫr−2(d+2)−1Γ
(
d+ 52
)
(d+ 2)!
(56)
When only g00 component is perturbed by a con-
stant, the perturbed Hamiltonian is a constant multi-
ple of the original Hamiltonian. Therefore the informa-
tion metric for such deformation should be zero identi-
cally. We can explicitly confirm this fact by a integration∫
ddx Q0000(x) = 0.
